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Abstract
In this paper, we investigate some combinatorial sequences based on the generalized Stirling
numbers and the λ-analogues of r-Stirling numbers of the first kind, then derive their moment
representations in use of probabilistic methods. We also provide identities related to r-Stirling
numbers of the first kind, Stirling numbers and Daehee numbers.
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1. Introduction and Preliminaries
Throughout this paper, we use the following notations:
N = {1, 2, 3, · · · },Z>0 = {0, 1, 2, · · · }.
Let s(n, k; r) denote the generalized Stirling numbers of the first kind of order k ∈ N, which are defined










In special case, when r = 0, s(n, k; r) = s(n, k) are called the Stirling numbers of the first kind.
Let S(n, k; r) denote the generalized Stirling numbers of the second kind of order k ∈ N, which are










How to cite this paper: Xin Wang, Wuyungaowa (2021) Applications of Probabilistic Methods on Some




In special case, when r = 0, S(n, k; r) = S(n, k) are called the Stirling numbers of the second kind.
Let S
(r)















1,λ(n, k) denote the λ-analogues of r-Stirling numbers of the first kind, which are defined by the



















1,λ(n, k) = S1,λ(n, k).














then the coefficients of x
n

















where random variable X is continuous, whose density function is p(x). Specially, when f(x) = xn, EXn
denotes n-order moment of random variable X.
1. When r.v u ∼ U [0, 1], Eun = 1n+1 ,
2. When r.v X ∼ Γ(1, 1), EXn = n!,
3. When r.v Y ∼ Γ(α, λ),α>0, λ>0, EY n = λ−n < α >n.
Definition 1. The characteristic function of random variable X is defined as
ϕ(t) = EeitX , i2 = −1,−∞ < t <∞. (5)




]ϕ(t), i2 = −1. (6)
Remark 3. [5] If random variable X is distributed as Γ(α, λ), where α, λ > 0, its characteristic function is
ϕ(t) = EeitX = (1− it
λ
)−α. (7)
Remark 4. X and Y are two random variables, when Cov(X,Y)=0, we have E(XY)=EX·EY, where
Cov(X,Y ) = E(XY )− E(X)E(Y ) (8)
Then we give five lemmas to introduce moment representations of some special combinatorial sequences.
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k have the following
moment representation,
Hn = nE(1− u1u2)n−1, n > 1. (9)
Lemma 2. [4] Suppose that r.v.s u1, u2, · · · , i.i.d ∼ U [0, 1], r.v.s Γ1,Γ2, · · · , i.i.d ∼ Γ(1, 1), r.v ui and Γj












E(u1Γ1 + u2Γ2 + · · ·+ uk−1Γk−1 + Γk)n−k,
(10)
It is demanded that s(n,0)=s(0,k)=0, s(0,0)=1.
Lemma 3. [4] Suppose that r.v.s u1, u2, · · · , i.i.d ∼ U [0, 1], r.v.s Γ1,Γ2, · · · , i.i.d ∼ Γ(1, 1), r.v ui and Γj






E(u1 + u2 + · · ·+ uk)n−k =
1
(n− k)!
E(Γ1 + 2Γ2 + · · ·+ kΓk)n−k, (11)
It is demanded that S(n,0)=S(0,k)=0, s(0,0)=1.
Lemma 4. [6] Assume r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), and for all i, j, r.v ui and




nE(u1Γ1 + · · ·+ ukΓk)n, n > 0. (12)
Lemma 5. [6] Assume r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), r.v.X ∼ Γ(r, 2),r>0,and






E(u1Γ1 + · · ·+ urΓr)k−rEXn−k, n > r. (13)
2. Moment Representations of the generalized Stirling numbers
In this section, we use probabilistic method to derive moment representations about the generalized Stirling
numbers of the first kind,the generalized Stirling numbers of the second kind,r-Stirling numbers of the first
kind and the λ-analogues of r-Stirling numbers of the first kind.
Theorem 1. Assume that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), r.v.X ∼ Γ(r, 1),r>0,and
for all i, j, r.v ui and Γj are independent. When n ≥ k, k ∈ N, we have





E(X + u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k. (14)












Taking the coefficients of tn in the left-hand side of Eq.(15), we get
k!
n!
































































m1,m2, · · ·mk
)
(E(u1)















m1,m2, · · ·mk
)
(E(u1Γ1)


































From Eq.(16), we can see that
k!
n!
s(n, k; r) = (−1)n−k
n∑
k=0










E(X + u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k.
Corollary 1. In theorem 1, when k = n, we obtain the equation:
s(n, n; r) = 1. (17)
In theorem 1, when k = 1, we obtain the equation:











































< r >n−k−1 .
In theorem1, when k = 1, r = 1, n ≥ 1, we obtain the equation:
s(n, 1; 1) = (−1)n−1(n!)nE(1− u1u2)n−1. (19)
Proof.






(n− k − 1)!








In theorem1, when k = n− 1, r = 1, we obtain the equation:




s(n, n− 1; 1) = −nE(X + u1Γ1 + u2Γ2 + · · ·+ un−1Γn−1)
= −n(1 + 1
2
+ · · ·+ 1
2
)






Theorem 2. Assume that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), r.v.X ∼ Γ(r, 1),r>0,and
for all i, j, r.v ui and Γj are independent. When n ≥ k, k ∈ N, we have the second moment representation
of the generalized Stirling numbers of the first kind










































































By comparing the coefficients of t
n
n! , theorem 2 is proved.
Corollary 2. In theorem 2, taking r = 2, we obtain the equation:




Corollary 3. From corollary 2, when k = 1, n > 1,the following relationship holds true,







mDm−1Chn−m, n > 1.[6] (23)
Theorem 3. Suppose that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), then the generalized
Stirling numbers of the second kind S(n, k; r) satisfy





































































































By comparing the coefficients of t
n
n! , we obtain theorem 3.
Corollary 4. In theorem 3, taking k = n, r = 1, we obtain the equation:
S(n, n; 1) = 1. (26)
In theorem 3, taking k = 1, r = 1, we obtain the equation:













= 2n − 1. (27)
In theorem 3, taking k = n− 1, r = 1, we obtain the equation:








(m− n+ 1)!(n− 1)!
E(u1 + u2 + · · ·+ un−1)m−n+1








In theorem 3, taking k = 2, r = 1, we obtain the equation:






























































































(3n − 2n+1 + 1).
Theorem 4. Assume that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1), r.v.X ∼ Γ(r−n+1, 1),r-
n+1>0,and for all i, j, r.v ui , Γj and X are independent. When n ≥ k, k ∈ N, we have the moment
representation of r-Stirling numbers of the first kind
S
(r)





E(−X + u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k. (30)

















1 (n, k) = [t
































































1 (n, k) = (−1)n−k
n∑
k=0












E(−X + u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k.



































Theorem 5. Suppose that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1),and r.v ui, Γj are
independent for all i, j, When n ≥ k, k ∈ N, we have the moment representation of S1,λ(n, k),































































m1,m2, · · ·mk
)
E(u1)
m1 · · ·E(uk)mkm1! · · ·mk!
tn
n!
= [tn−k](−λ)nE(u1Γ1 + u2Γ2 + · · ·+ ukΓk)n
tn
n!










E(u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k.
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Corollary 5. Under the circumstance of theorem 6,according to the moment representation of k-order





Dkn−k,λ, taking k = 1, we obtain the equation
S1,λ(n, 1) = nDn−1,λ, (36)
taking λ = 1, we obtain the equation






Theorem 6. Suppose that r.v.s u1, u2, ..., i.i.d ∼ U [0, 1], Γ1,Γ2, ..., i.i.d ∼ Γ(1, 1),and r.v ui, Γj are
independent for all i, j, When n ≥ k, k ∈ N, we have the moment representation of λ-analogues of r-Stirling













(−λ)n−k−mE(u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−k−m(r)m,λ. (38)






















































(−λ)n−m−kE(u1Γ1 + u2Γ2 + · · ·+ ukΓk)n−m−k(r)m,λ.
3. Identities of the generalized Stirling numbers and Special Com-
binatorial Sequences
In this section, we use moment forms of special combinatorial sequences, characteristic function and gener-
ating function method to investigate the relationships among the generalized Stirling numbers of the first
kind s(n, k; r),the λ-analogues of r-Stirling numbers of the first kind S
(r)
1,λ(n, k),the Daehee numbers and the
Stirling numbers of the first kind, then we obtain combinatorial identities about them.
Theorem 7. Under the circumstance of theorem 1,the generalized Stirling numbers of the first kind s(n, k; r)
and the Stirling numbers of the first kind s(n, k) have the following equation:








< r >l s(n− l, k). (40)
Proof.
Sk = u1Γ1 + u2Γ2 + · · ·+ ukΓk (41)
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< r >l s(n− l, k).
Corollary 6. Under the circumstance of theorem 7,the higher-order Daehee numbers D
(k)
n = (−1)nE(u1Γ1+
· · ·+ ukΓk)n = (−1)nESnk we obtain the equation






















< r >n−k−l D
(k)
l . (42)
when k = 1, r = 1, we obtain the equation:










































λn−k−ms(n, k +m)(r)m,λ. (46)









































Corollary 7. Under the circumstance of theorem 5, we obtain the equation:
S1,λ(n, k) = λ
n−ks(n, k). (47)





E(u1Γ1 + u2Γ2 + · · ·+ uk−1Γk−1 + Γk)n−k,thus we have the second moment
representation of S1,λ(n, k),





E(u1Γ1 + u2Γ2 + · · ·+ uk−1Γk−1 + Γk)n−k. (48)
Corollary 8. Under the circumstance of theorem 5 and theorem 6,the λ-analogues of r-Stirling numbers of
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